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Abstract
This paper focuses on the problem of fairly and efficiently allocating resources to agents. 
We consider a specific setting, usually referred to as a housing market, where each agent 
must receive exactly one resource (and initially owns one). In this framework, in the 
domain of linear preferences, the Top Trading Cycle (TTC) algorithm is the only proce-
dure satisfying Pareto-optimality, individual rationality and strategy-proofness. Under the 
restriction of single-peaked preferences, Crawler enjoys the same properties. These two 
centralized procedures might however involve long trading cycles. In this paper we focus 
instead on procedures involving the shortest cycles: bilateral swap-deals. In such swap 
dynamics, the agents perform pairwise mutually improving deals until reaching a swap-
stable allocation (no improving swap-deal is possible). We prove that in the single-peaked 
domain every swap-stable allocation is Pareto-optimal, showing the efficiency of the swap 
dynamics. In fact, this domain turns out to be maximal when it comes to guaranteeing 
this property. Besides, both the outcome of TTC and Crawler can always be reached by 
sequences of swaps. However, some Pareto-optimal allocations are not reachable through 
improving swap-deals. We further analyze the outcome of swap dynamics through social 
welfare notions, in our context the average or minimum rank of the resources obtained by 
agents in the final allocation. We start by providing a worst-case analysis of these proce-
dures. Finally, we present an extensive experimental study in which different versions of 
swap dynamics are compared to other existing allocation procedures. We show that they 
exhibit good results on average in this domain, under different cultures for generating syn-
thetic data.
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1  Introduction

This paper studies the problem of allocating fairly and efficiently a set of indivisible 
resources to a set of agents. We consider a specific setting, usually referred to as a hous-
ing market [59], where each agent must receive exactly one resource (and initially owns 
one). We investigate housing markets by moreover assuming that the preferences are sin-
gle-peaked [4, 13]. Under this assumption, there exists a common ordering of the resources 
such that the further you go from your most preferred resource—either going left or right 
according to the ordering—the less preferred the resources are. This domain restriction 
would for instance correspond to real-world situations where the preferences of agents are 
related to a one-dimensional space, such as the temperature in a room, the distance of a 
house to a facility (metro, bike rental station, supermarket), the price of a new product, the 
size of a cloth [49, 50]. In voting, this restriction domain may be appropriate in political 
elections where preferences usually decrease when considering candidates further away on 
the political spectrum from the most preferred candidate.

The design of resource allocation procedures is primarily guided by the the properties 
we want the final allocation, or the procedure itself, to satisfy. In single-peaked housing 
markets, the two prominent allocation procedures are Top Trading Cycle (TTC) [59] and 
Crawler [8]. They both satisfy a set of key desirable properties: Pareto-optimality, strategy-
proofness and individual rationality [8, 43, 53, 59]. These three properties thus provide 
strong guarantees in terms of efficiency (Pareto-optimality) and incentive compatibility 
(individual rationality and strategy-proofness). In fact, Crawler has an additional advantage 
over TTC in terms of strategy-proofness, since it can implemented in obviously dominant 
strategies [8].

However, both TTC and Crawler require a significant amount of global coordination. 
Indeed, they are both based on trading cycles—cyclic exchanges of resources between 
several agents—which can potentially involve many agents. Such long cycles may not 
be acceptable or even feasible in practice, for instance because of the risk of failure they 
induce.

As an example, kidney exchange programs usually restrict the size of the cycles to two 
or three [55] because of time constraints.

Limiting the length of these cycles is thus a relevant agenda to reduce the coordination 
complexity and make procedures more robust. It is in particular a prerequisite to the devel-
opment of more decentralized approaches that rely on the agents autonomously performing 
simple deals, without being hampered by a prohibitive coordination and communication 
cost.

Indeed, the use of a central coordinator induces a weak point in the system: the coordi-
nator causes a bottleneck whose default often leads to the failure of the whole allocation 
process. The system may also be inherently distributed and the use of a central coordinator 
may not be possible because of limitations in the communication infrastructure or because 
of privacy requirements. In addition, centralized procedures may be perceived as less fair 
by the agents who are not allowed to actively take part in the allocation process [14, 40, 
63]. While TTC and Crawler are both presented as centralized procedures (i.e. a central 
authority computes each trading cycle that should be implemented, and dictates it to the 
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agents1), distributed procedures [22, 57] take a different perspective. Agents autonomously 
negotiate over the resources and locally agree on deals, and the outcome of the resource 
allocation problem results from the sequence of such local deals. Such dynamics may 
achieve interesting efficiency and fairness results [20, 30]. However, long cycles still pose 
real challenges for these procedures [52] as they involve distributed coordination among 
numerous agents.

In this paper, we pursue this line of research and focus on the simplest possible local 
deals in the context of housing markets: swap-deals [24]. Under a swap dynamics, agents 
meet each other, in a pairwise fashion, and exchange their resources if they both bene-
fit from it. The process iterates until a stable state, an equilibrium, is reached. Under this 
approach, once a trading cycle is selected, very little coordination is required. Neverthe-
less, selecting which swap-deal (with which agent) to perform may still require significant 
prior coordination, depending on the heuristic used. Hence this approach is best described 
as a family of dynamics, with different degrees of decentralization depending on the heu-
ristics used to select the improving deals to be implemented. We shall study several of 
them in this paper.

Contributions. We first establish that a large class of swap dynamics is vulnerable to 
manipulation, unveiling a tension between efficiency and strategy-proofness for such 
decentralized procedures. On the positive side, we demonstrate that in housing markets 
with single-peaked preferences, every allocation that is stable with respect to swap-deals 
is Pareto-optimal. We also prove that the single-peaked domain is maximal in that respect: 
in other words, any larger domain would fail to offer such a guarantee. Moreover, even 
though some Pareto-optimal allocations may not be reached by a sequence of improving 
swap-deals, we show that the allocations returned by TTC and Crawler are both reachable: 
there exist sequences of swap-deals simulating these procedures, such that (potentially) 
long trading cycles are not necessary any longer. We further investigate how swap dynam-
ics behave with respect to social welfare, taken as the average or minimum rank of the 
resource obtained by the agents. After a worst-case analysis, we explore experimentally the 
influence of different heuristics used to select deals. These experiments highlight that swap 
dynamics perform particularly well with respect to these objectives.

Outline of the paper. We first present some related works (Sect. 2) and introduce our 
model and some additional definitions in Sect. 3. Section 4 describes the centralized allo-
cation procedures discussed in this paper, while swap dynamics are introduced in Sect. 5. 
A formal analysis of these procedures is presented in Sect. 6. Section 7 offers a comparison 
between swap dynamics outcomes and social welfare optimization, in a “price of anarchy” 
perspective. The experimental analysis is presented in Sect. 8. Sect. 9 concludes.

2 � Related works

The problem of fair and efficient allocation of indivisible goods is well studied in econom-
ics, with original developments impulsed by the computer science perspective in recent 
years [5, 16, 46, 65, 67]. In the present paper we focus on the model defined by [59], called 

1  In principle, it is possible to distribute the execution of central procedures, by letting all agents broadcast, 
compute locally their own version of the central algorithm, and coordinate. This might however induce a 
significant cost.
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housing market or assignment problem, in which each agent must receive exactly one indi-
visible resource. Shapley and Scarf [59] defined the Top-Trading Cycle (TTC) algorithm 
which has been extensively studied [53] and shown to be the only mechanism satisfying 
Pareto-optimality when preferences are strict [43]. Bade [8] explored another direction by 
restricting preferences to single-peaked domains. In this case she presents the Crawler that 
satisfies the same properties as TTC. This work has been further explored by [42].

Following this line of work, we assume single-peaked preferences in this paper. This 
domain of preferences has been introduced by [4, 13]. Initially motivated in voting con-
texts, it is now a well studied domain of preferences [28, 45]. Numerous works have 
explored single-peaked preferences in the context of fair division. Sprumont [61] for 
instance characterized the uniform allocation rule, the unique strategy-proof, efficient and 
anonymous allocation procedure with single-peaked preferences and divisible resources. 
Kasajima [36] investigated probabilistic allocation of indivisible resources with single-
peaked preferences. More recently, [34] extended this research area to indivisible resources 
and considered the problem of assigning agents to a line under single-peaked preferences. 
On the empirical side, it is not clear wether single-peaked preferences can be observed in 
real-life scenarios, as mentioned in [50]. On the one hand, [25, 41, 60] argue that interac-
tions between the agents lead towards single-peaked preferences. On the other hand, [27] 
shows that political preferences might be double-peaked (and not single-peaked) when it 
comes to some polarizing topics.

Following the development of multi-agent systems, decentralized procedures have been 
defined through the idea of local exchanges between agents. Sandholm [57] considered the 
problem of reallocating tasks among individually rational agents. Aziz et  al. [7] investi-
gated different complexity problems in this setting. Chevaleyre et al. and Endriss et al. [21, 
30] respectively characterized the class of deals and the class of preferences required to 
reach socially optimal allocations, while communication complexity issues were explored 
in [26, 29]. Chevaleyre et al. [20] focused on reaching efficient and envy-free allocations. 
Similar procedures were also introduced in the area of two-sided matching [2, 54]. The 
idea of using swap-deals was explored for instance by [1], who studied barter exchange 
networks. Gourvès et al., Huang and Xiao, Saffidine and Wilczynski [32, 35, 56] studied 
dynamics of swap-deals by considering an underlying social network constraining the pos-
sible interactions of the agents, albeit in a centralized perspective, and focusing on com-
plexity issues. These results were recently extended by [10]. Brandt and Wilczynski [18] 
studied the convergence of swap-deals to Pareto-optimal allocations in housing, marriage 
and roommate markets.

3 � Preliminaries

We start by presenting the basic components of our model and the different fairness and 
efficiency concepts discussed in this paper.

3.1 � The model

Let us consider a set N = {a1,… , an} of n agents and a set R = {r1,… , rn} of n resources. 
An allocation � = ⟨�a1 ,… ,�an⟩ is a vector of Rn such that 

⋃
ai∈N

�ai
= R . A element 

�ai
∈ R of � represents the unique resource allocated to ai (recall that we consider housing 
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markets where exactly one resource is assigned to each agent). The set of all allocations is 
denoted Π.

Following previous work [6, 15, 17, 59], agents are assumed to express their preferences 
over the resources through complete linear orders. We denote by ≻i agent ai ’s preferences, 
where r1 ≻i r2 means that ai prefers r1 over r2.

For a given linear order ≻ , we use top(≻) to denote its top-ranked resource: 
∀r ∈ R�{top(≻)}, top(≻) ≻ r . Similarly, snd(≻) refers to the second most preferred 
resource in ≻ . With a slight abuse of notation we will write top(ai) and snd(ai) to refer to 
top(≻i) and snd(≻i) . When it is not clear from the context we will subscript these notations 
to specify the resource set. For instance topR(ai) is the most preferred resource for agent ai 
among resources in R ⊆ R.

Given a resource r ∈ R and an agent ai ∈ N  , we use rankai (r) to refer to the rank of r 
in ≻i . We have then rankai (top(ai)) = n , rankai (snd(ai)) = n − 1 , etc…

For a given agent ai ∈ N  , ai strictly prefers � to �′ (denoted as 𝜋 ≻i 𝜋
′ ) iff 𝜋ai ≻i 𝜋

′
ai
 . 

We also introduce weak preferences over an allocation. For a given agent ai ∈ N  , ai 
weakly prefers � to �′ (written � ⪰i �

� ) iff 𝜋ai ≻i 𝜋
′
ai
 or �ai = ��

ai

Finally, a preference profile L = ⟨≻i∣ ai ∈ N⟩ is a vector of n linear orders, 
one for each agent. An instance of a resource allocation problem is then a vector 
I = ⟨N,R, L,�0⟩ composed of a set of agents N  , a set of resources R , a preference pro-
file L and an initial allocation �0.

In some settings, natural properties of the agents’ preferences can be identified, thus 
restricting the set of possible preference orderings. The notion of preference domain 
formalizes these restrictions. For a set of resources R , we denote by LR the set of all 
linear orders over R . Any subset D ⊆ LR is then called a preference domain.

We say that an instance I = ⟨N,R, L,�0⟩ is defined over a preference domain D if the 
preferences of the agents are selected inside D, that is, for every ≻i∈ L , we have ≻i∈ D . 
The set of all instances defined over D is denoted ID.

3.2 � Single‑peaked preferences

Under single-peaked preferences [4, 13], the agents are assumed to share a common axis 
⊲ over the resources and individual rankings are defined with respect to this axis.

Definition 1  Let R be a set of resources and ⊲ an axis (i.e. a linear order) over R . We say 
that a linear order ≻ is single-peaked with respect to ⊲ if we have:

In words, ≻ is single-peaked with respect to ⊲ if ≻ is decreasing on both the left and 
the right sides of top(≻) , where left and right are defined by ⊲.

For a given axis ⊲ , we call SP
⊲
 the set of all the linear orders single-peaked with 

respect to ⊲:

∀(r1, r2) ∈ R
2 s.t.

r2 ⊲ r1 ⊲ top(≻),

or, top(≻) ⊲ r1 ⊲ r2

}
⇒ r1 ≻ r2.

SP
⊲
= {≻∈ LR ∣≻ is single-peaked w.r.t. ⊲}.
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A preference domain D is called single-peaked if and only if there exists an axis ⊲ such 
that D ⊆ SP

⊲
 . An instance I is said to be single-peaked if it is defined over a single-peaked 

preference domain.
Based on these definitions, it is straightforward that restricting preference domains 

preserves single-peakedness.

Observation 1  Let D be a preference domain single-peaked over ⊲ . For a subset of 
resources R′ ⊆ R , the domain D′ defined as the restriction of D to R′ is a single-peaked 
domain over ⊲′ , the restriction of ⊲ to R′.

[9] provided a characterization of single-peaked domains. In particular, they gave a 
necessary condition for a domain to be single-peaked: it should be worst-restricted [58].

Definition 2  An instance I = ⟨N,R, L,�0⟩ is worst-restricted if for any triplet of resources 
(rx, ry, rz) ∈ R

3 , one of them is never ranked last in the restriction of L to these three 
resources.

Proposition 1  ( [9]) If an instance is single-peaked then it is worst-restricted.

Let us illustrate the single-peaked domain with a simple example.

Example 1  Consider the following four linear orders defined over 3 resources.

One can check that these linear orders represent a single-peaked preference profile with 
respect to ⊲ defined as: r1 ⊲ r2 ⊲ r3 . In fact these orders exactly correspond to SP

⊲
 . How-

ever, the following preferences are not single-peaked:

It can be checked that there is no linear order ⊲ over which these preferences are single-
peaked. Indeed, they are not worst-restricted: every resource of the triplet (r1, r2, r3) is 
ranked last at least once, which violates Proposition 1.

3.3 � Efficiency and fairness criteria of an allocation

There exists an extensive literature investigating how to define efficiency requirements for 
an allocation (see [19] and [65] for some surveys). Pareto-optimality is well-known basic 
efficiency requirement.

≻1∶r1 ≻1 r2 ≻1 r3

≻2∶r3 ≻2 r2 ≻2 r1

≻3∶r2 ≻3 r1 ≻3 r3

≻4∶r2 ≻4 r3 ≻4 r1

≻1∶r1 ≻1 r2 ≻1 r3

≻2∶r3 ≻2 r1 ≻2 r2

≻3∶r2 ≻3 r3 ≻3 r1
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Definition 3  (Pareto-optimality) Let � and �′ be two allocations. We say that �′ Pareto-
dominates � if and only if:

An allocation � is then said to be Pareto-optimal if there is no other allocation �′ that 
Pareto-dominates �.

Efficiency can also be evaluated via social welfare measures. One such measure is the 
average rank (ark) of the resources held by the agents, defined as:

Maximizing the average rank is of course equivalent to maximizing the sum of ranks, and 
can also be interpreted as the utilitarian social welfare, under the assumption that agents 
have Borda utilities.

However, maximizing the average rank or searching for Pareto-optimal solutions may 
not be satisfactory as it can lead to particularly unfair allocations. For this reason, many 
fairness criteria have been introduced. We will focus here on maximizing the minimum 
rank (mrk) of the resources held by the agents, defined as:

Again, if we were to interpret the rank as a cardinal utility function, the minimum rank 
would be equivalent to the egalitarian welfare. Maximizing the minimum rank follows 
Rawls’ principle of maximizing the welfare of the worst-off [51]. It has been introduced by 
[48] and is now a very common rule in fair division [47, 62, 64].

3.4 � Properties of the procedures

Let us now turn our attention to the allocation procedures. An allocation procedure M is 
a mapping taking as input an instance I and returning an allocation M(I).

We will say that an allocation procedure is Pareto-optimal if it always return a 
Pareto-optimal allocation. Given that the agents initially own the resources in our set-
ting, another very common efficiency requirement is that of individual rationality. It 
stipulates that no agent should be worse-off in the final allocation.

Definition 4  (Individual rationality) A procedure M is said to be individually rational if for 
every instance I = ⟨N,R, L,�0⟩ and every agent ai ∈ N  , we have:

Let us illustrate through an example the different criteria introduced so far.

Example 2  Let us consider the following instance with 5 agents and 5 resources. The pref-
erences presented below are single-peaked with respect to r1 ⊲ r2 ⊲ r3 ⊲ r4 ⊲ r5 . The initial 
allocation �0 = ⟨r1, r2, r3, r4, r5⟩ is represented by the underlined resources.

∀ai ∈ N,𝜋� ⪰i 𝜋, and ∃aj ∈ N,𝜋� ≻j 𝜋.

ark(�) =
1

n
⋅

∑

ai∈N

rankai (�ai ).

mrk(�) = min
ai∈N

rankai (�ai ).

M(I) ⪰i �
0
ai
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The allocation �0 is not Pareto-optimal as it is Pareto-dominated by the squared allocation 
 = ⟨r2, r4, r5, r3, r1⟩ . We have .

We conclude this section by introducing another desirable property that is strategy-
proofness. Informally, an allocation procedure is strategy-proof if no agent could get a 
strictly better outcome by lying instead of revealing her true preferences.

Definition 5  Let L = ⟨≻j⟩aj∈N  be a preference profile. For a given agent ai ∈ N  , an i-vari-
ant L−i = ⟨≻�

j
⟩aj∈N  of L is a preference profile such that:

An allocation procedure M is said to be strategy-proof if for every instance 
I = ⟨N,R, L,�0⟩ , every agent ai ∈ N  , every i-variant L−i of L, we have:

4 � Centralized allocation procedures for housing markets

This section introduces two centralized allocation procedures that will be used as refer-
ences in the paper. The first one is the TTC algorithm [59], which can be used without 
any domain restriction. It is well known to satisfy the three main desirable properties of an 
allocation procedure: Pareto-optimality, individual rationality and strategy-proofness. The 
second one, Crawler [8], is specially designed for single-peaked domains. It satisfies the 
same properties as TTC. Both of theses procedures are based on the notion of deals.

4.1 � Improving deals

A deal is a vector of agents, usually denoted by � = ⟨a1,… , ak⟩ , where 
ai ∈ N,∀i ∈ {1,… , k} . It represents an exchange where agent ai gives her resource to 
agent ai+1 for each i ∈ {1,… , k − 1} and agent ak gives her resource to agent a1 . With a 
slight abuse of notations, given a deal � = ⟨a1,… , ak⟩ , agent ak+1 will refer to agent a1 and 
agent a0 (i.e. the agent before a1 ) to agent ak . For the particular case of deals involving only 
two agents, i.e. k = 2 , we will talk about swap-deals.

∀aj ∈ N�{ai},≻j=≻
�
j
and ≻i≠≻

�
i
.

M(⟨N,R, L,�0⟩) ⪰i M(⟨N,R, L−i,�
0⟩).
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Interestingly, it can be observed that in housing markets, any reallocation (permutation 
of resources) can be implemented as a collection of disjoint cycle-deals [59]. This notion 
of deal is thus sufficient in this context.

Let us now introduce the concept of improving deals.

Definition 6  Let � be an allocation, and � = ⟨a1,… , ak⟩ a deal involving k ≥ 1 agents. The 
allocation �[�] obtained by applying the deal � to � is defined by:

A deal is said to be improving if 𝜋[𝜇] ≻i 𝜋 for every agent ai involved in �.

Observe that for a deal � of length 1, we have �[�] = � . This trivial case consists of an 
agent giving her resource to herself. It will be useful to simplify the presentation of TTC 
and Crawler. In particular, when an agent already holds her top resource, she should also 
hold it in the final allocation because of individual rationality.

It is also straightforward to see that a procedure applying only improving deals trivially 
satisfies individual rationality.

4.2 � Gale’s top trading cycle algorithm

The TTC algorithm takes as input an instance I = ⟨N,R, L,�0⟩ and proceeds as follows. 
The algorithm maintains a set of available agents N and a set of available resources R 
where initially R = R and N = N  . At each step of the algorithm, a directed bipartite graph 
G = ⟨V ,E⟩ , with V = N ∪ R , is defined. The nodes of G represent the agents in N and the 
resources in R, and the set of edges E is such that:

•	 there is a directed edge (ai, ri) between ai and ri if and only if ri = topR(ai) i.e. agents are 
linked to their preferred resource in R,

•	 there is a directed edge (ri, ai) between ri and ai if and only if ri = �0
ai
 i.e. resources are 

linked to their owner in �0.

Note that there always exists at least one cycle in G and that cycles correspond to improv-
ing deals. The cycle-deals constructed can be of size 1 if an agent already owns her 
top resource in R. The TTC algorithm selects one of the cycles � in G. The agents and 
resources involved in � are then removed from N and R. A new graph G′ is computed with 
the remaining agents and resources. The process is iterated on the new graph G′ and �0[�] 
until an empty graph has been reached. Note that the outcome of TTC is unique (regardless 
of the possibly different choices of cycles to implement during the process).

{
�[�]ai = �ai−1

if i ∈ {1,… , k},

�[�]ai = �ai
otherwise .
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A formal description of TTC procedure is given in Algorithm  1. Note that we make 
use of the sub-procedure do(�,�) which simply implements the cycle-deal � and adds the 
resulting allocation (restricted to the agents involved in the deal) in the allocation � . It 
then removes the agents and the resources involved in the deal � from the lists of available 
agents and resources, N and R respectively.

Example 3  Let us consider the instance defined in Example 2. The reader can check that 
the allocation returned by TTC is �TTC = ⟨r5, r2, r4, r3, r1⟩ . Indeed, the first cycle-deal that 
can be applied is �1 = ⟨a3, a4⟩ . The next one is �2 = ⟨a1, a5⟩ . Finally, a2 remains with her 
initial resource which corresponds to the cycle �3 = ⟨a2⟩.

4.3 � Crawler algorithm

In Crawler algorithm, agents are initially ordered along the single-peaked axis according to 
the resource they hold. The first agent is then the one holding the resource on the left end 
side of the axis. As in TTC, the list of available resources is denoted by R and is ordered 
according to the single-peaked axis. A list of available agents N such that the ith agent of 
the list is the one who holds the ith resource in R is also maintained.

Considering agents sequentially from the first in N to the last in N, Crawler checks for 
each agent ai where her top resource, topR(ai) , is on the axis.2

•	 If topR(ai) is on her right, the algorithm moves to the next agent.
•	 If ai holds her top resource topR(ai) , then topR(ai) is allocated to ai . Agent ai and the 

resource topR(ai) are removed from N and R. The algorithm starts again from the agent 
on the left end of the axis.

2  Note that the algorithm can equivalently be executed from the last agent to the first one.
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•	 If topR(ai) is on the left of ai , the agent is allocated her top resource topR(ai) . We denote 
by t∗ the index of topR(ai) and t the index of ai (we have t∗ < t ). Then, every agent 
between t∗ and t − 1 receives the resource held by the agent on her right (the resources 
“crawl” towards left). Once again, ai and topR(ai) are removed from N and R and the 
algorithm restarts from the first agent.

Once all the resources have been allocated, the algorithm terminates.
A formal description of Crawler procedure is given in Algorithm 2. Note that we make 

use of the sub-procedure pick(at∗ , r,N,R,�) which simply assigns the resource r to the 
given agent at∗ in the allocation � , and then removes the agent and the resource from the 
lists of available agents and resources, N and R respectively. Since the list of resources is 
ordered following the single-peaked axis and the ith agent in N corresponds to the owner of 
the ith resource in R, the removal of r and at∗ is in fact equivalent to assigning r to agent at∗ 
and crawling the resources from right to left.

Let us illustrate the execution of Crawler:

Example 4  On the instance of Example 2, agent a4 is the first agent whose top resource is 
not on her right, she thus receives her top resource r3 . The second step matches agent a3 
to r4 . On the third step, agents a1 and a2 both have their top resources (among the remain-
ing resources) on the right but the last agent a5 has hers on her left. a5 is then matched to 
r1 . Resource r2 crawls to agent a1 and resource r5 crawls to agent a2 . On the fourth step, a2 
picks her current resource r5 . Finally, a1 is assigned resource r2 . The allocation returned by 
Crawler is �C = ⟨r2, r5, r4, r3, r1⟩ . At each step i of the procedure, an improving cycle-deal 
�i is applied (with the last agent in the cycle picking her top resource among the remaining 
ones): �1 = ⟨a3, a4⟩ , �2 = ⟨a3⟩ , �3 = ⟨a1, a2, a5⟩ , �4 = ⟨a2⟩ , �4 = ⟨a1⟩ . One can observe 
that on this example the allocation returned by Crawler is not the same as the one returned 
by TTC. However, both procedures lead to the same minimum rank mrk and average rank 
ark.
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Interestingly, a variant of this procedure allows to check Pareto-optimality in single-
peaked domains in linear time [12].

5 � Swap dynamics: a family of procedures based on swap‑deals

We will now focus on dynamics based on local exchanges between the agents. Let us first 
introduce some additional definitions.

Given an allocation � , we denote by Ck(�), k ≥ 2, the set of all the improving deals of 
size at most k that can be applied from �:

When investigating procedures based on improving exchanges, we will try to reach alloca-
tions that are stable with respect to some deals.

Definition 7  For a given k ∈ {1,… , n} , an allocation � is said to be stable with respect to 
Ck if Ck(�) = �.

It is obvious from this definition that if an allocation is stable with respect to Ck for a 
given k, it is also stable with respect to any k′ < k . Moreover, since we are considering 
housing markets, it can be observed that an allocation is Pareto-optimal if and only if it is 
stable with respect to Cn.

Dynamics based on local exchanges start from an initial allocation and let the agents 
negotiate improving cycle-deals involving at most k agents until reaching an allocation sta-
ble with respect to Ck.

Following this process, to each k ∈ {1,… , n} corresponds a family of allocation pro-
cedures based on Ck . Indeed, at each step, the improving deal to be implemented can be 
selected in many different ways. We call selection heuristic a mapping giving the deal to 
implement at a given step of the procedure. A dynamic based on local exchanges will thus 
be defined by a given k and a specific selection heuristic. Depending on the selection heu-
ristic, it may be the case that the selected deal is not an improving one. Such a deal could 
then be refused by the agents. We will say that a deal is successful if all agents involved in 
it agree to exchange. The sequence of proposed deals, together with the fact they were suc-
cessful or not will be called a history.

Ck(�) = {� ∣ � is an improving deal and |�| ≤ k}.
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A general formal description of cycle-deals dynamics is given in Algorithm 3. The 
do(�,�) method is similar to the one described in Algorithm 1 and implements the deal 
� (as chosen by the selection heuristic � ) on the allocation � . Note that the selection 
heuristic itself takes as input at least the set of agents N  and the maximum size k of the 
cycle-deals (but it may be more informed and take more parameters, as we shall discuss 
later in this section). Unless stated otherwise we shall assume from now on that k = 2 
and omit this parameter, as we will mainly be interested in deals of size 2. We will also 
use swap-stability to refer to stability with respect to C2.

We say that the procedure has reached the allocation obtained upon termination. Ter-
mination occurs when, for every possible swap-deal ⟨ax, ay⟩ , there exists a latest unsuc-
cessful proposal, such that there was subsequently no successful swap-deal involving ax 
nor ay . This guarantees in particular that the process cannot end as long as there remains 
an improving deal that has not yet been proposed. To ensure termination, the selection 
heuristic should not prevent some deals from happening. We will thus require heuristics 
to satisfy a property of full coverage as defined below.

Definition 8  A selection heuristic � has minimal (resp. full) coverage if for any ax, ay ∈ N
2 , 

there exists at least one round in the sequence (resp. after the latest successful swap-deal 
involving ax or ay if there is one), when the swap-deal ⟨ax, ay⟩ is proposed.

M2 will denote the family of swap dynamics defined with respect to a selection heuris-
tic with full coverage. It is useful to make a further distinction between different types of 
selection heuristics, depending on the information they take as input. In particular, heuris-
tics may require preferential information (e.g. which resources agents would be happy to 
swap their current resource with), or on the contrary, be solely based on observable infor-
mation (e.g. the history of deals). We will mostly focus on the latter in what follows.

A history-based selection heuristic � is a function taking as input the set of agents N  , 
the history of deals h, and returning a deal �(N, h) to be proposed. Swap dynamics which 
rely on history-based selection heuristics will be called history-based swap dynamics.

A swap dynamics equipped with a given history-based selection heuristic � on the 
instance I = ⟨N,R, L,�0⟩ , proceeds iteratively as follows. The history h is initially 
empty. At each round corresponding to an allocation � and a history h, the allocation is 
updated to �′ defined as:
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The deal �(N, h) together with its “success status” are then added to the history h.
We now give some examples of selection heuristics which will be studied in this 

paper. We start with round-robin heuristics, which simply specify a predefined way to 
order the different pairs of agents (i.e. possible swaps), and repeat it until termination. 
There are several ways to proceed, we give here two prominent examples:

•	 Round-Robin over the Agents ( M2-RRA): agents are ordered and paired following their 
name ( ⟨a1,… , an⟩ ) in a round-robin fashion. The first agent a1 is paired with each other 
agent, the second agent a2 is paired with each other agent aj with j > 2 and so on. The 
agents then go over possible deals by iterating over the following sequence: 

•	 Round-Robin over Pairs of agents ( M2-RRP): agents are ordered and paired follow-
ing their name ( ⟨a1,… , an⟩ ) in a round-robin fashion. In this case, the first agent is 
paired with the second agent, the second agent is paired with the third... Hence, the 
agents go over possible deals by iterating over the following sequence: 

There is an obvious bias in the way deals are selected, it is thus natural to introduce some 
stochasticity in the process. One way to do this is as follows:

•	 Randomized Round-Robin over deals ( M2-RRR): the heuristic picks uniformly at ran-
dom a permutation among all the possible deals. This permutation defines a round-
robin order in which the deals are considered. The agents then go over possible deals by 
iterating over this permutation.

The three previous heuristics all guarantee by construction that all possible swap-deals 
were proposed before a swap-deal gets proposed again. The following natural heuristic do 
not have such guarantee.

•	 Uniform ( M2-U): a pair of agents (i.e. a swap-deal) (ai, aj) is selected uniformly at ran-
dom among all possible pairs.

•	 Random matchings ( M2-RM): this heuristic proceeds in succession of matching steps 
where at each step, every agent is matched to a unique other agent and all the resulting 
swap-deals are proposed to the agents. This simulates a natural market where agents are 
paired randomly and simultaneously try to perform bilateral deals.

Note that these selection heuristics do not all have the same degree of decentralization. In 
particular, M2 -U can be easily executed in a fully decentralized way. Round-robin heuris-
tics require a central entity to broadcast the sequence of pairs. Then, the agents can meet 
in a distributed way. Finally, M2-RM can be implemented in a distributed way using a pro-
tocol ensuring that an agent can not encounter several agents simultaneously. Each agent 
ai then selects uniformly at random an agent aj to encounter and contact her. If agent aj is 
already engaged in another encounter, ai selects another agent.

�� =

{
�[�(N, h)] if the agents in �(N, h) agree on swapping

� otherwise.

(a1, a2), (a1, a3),… , (a1, an), (a2, a3),… , (an−1, an), (a1, a2),…

(a1, a2), (a3, a4),… , (an−1, an), (a1, a3), (a2, a4),… , (a1, an),…



Autonomous Agents and Multi-Agent Systems (2021) 35:20	

1 3

Page 15 of 37  20

We conclude the section by a straightforward observation: different selection heuristics 
can lead to different outcomes given the same initial allocation. Let us illustrate this with a 
simple example.

Example 5  Consider the instance described in Example 2. We showed that Crawler and 
TTC return different allocations. In fact, these allocations can be reached by a sequence 
of swap-deals. Observe first that the cycle-deals applied by TTC are at most of length 2 
(Example 3). The allocation �TTC = ⟨r5, r2, r4, r3, r1⟩ is obtained through two swap-deals: 
⟨a3, a4⟩ and ⟨a1, a5⟩ . The allocation �C = ⟨r2, r5, r4, r3, r1⟩ returned by Crawler also is 
reachable by swap-deals. It is obtained by applying the following sequence: ⟨a3, a4⟩ , 
⟨a2, a5⟩ and ⟨a5, a1⟩ . Since these two allocations are Pareto-optimal, they are swap-stable. 
This shows that the way swap-deals are selected may affect the final stable allocation. 
Notice that these are not the only two swap-stable allocations reachable from �0 of the 
instance: ⟨r3, r2, r5, r4, r1⟩ and ⟨r2, r3, r5, r4, r1⟩ are the two other ones.

This example suggests that the allocations returned by Crawler and by TTC can both be 
reached via swap-deals —a point we will make formal in the next section. More generally, 
as TTC and Crawler both provide desirable guarantees, on Pareto-optimality, individual 
rationality and strategy-proofness, it is natural to study whether swap dynamics enjoy simi-
lar properties.

6 � Properties of swap dynamics

We now investigate properties of swap dynamics. Recall first the easy observation made 
in Sect. 4: swap dynamics, because they rely on improving deals, are individually rational. 
But what about strategy-proofness and Pareto-optimality? We first discuss strategy-
proofness, showing that such procedures are in general subject to manipulation. We next 
prove that any allocation stable with respect to swap-deals is Pareto-optimal and that both 
the allocation returned by TTC and Crawler can be reached via swap-deals. Finally, we 
show that the single-peaked domain is a maximal domain when it comes to guaranteeing 
Pareto-optimality.

6.1 � Strategy‑proofness

Although strategy-proofness is usually defined for centralized procedures, the question is 
still relevant for swap dynamics.

In a swap dynamic, an agent has the opportunity to behave strategically only when she 
is asked to accept or reject a proposed deal. As usual, we assume here that a potential 
manipulator has full knowledge of the preferences of the other agents and is aware of the 
fact that the selection heuristics has minimal coverage. In other words, the manipulator 
only needs to know whether she will ever have the opportunity to swap with some other 
agent or not. A swap dynamic will be called strategy-proof when, for every instance, at no 
point during the procedure an agent can be better off by accepting a non-improving deal or 
by refusing an improving one. Otherwise, the procedure is manipulable.

Proposition 2  Any history-based swap dynamic with minimal coverage is manipulable.
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Proof  We are given an arbitrary history of deals h starting with (ax, ay) , as produced by the 
selection heuristic.

We are now going to show that we can build an instance I = ⟨N,R, L,�0⟩ such that 
agent ax will have an incentive to accept the first swap-deal (ax, ay) , even though this is not 
rational. The instance involves ax , ay , az , as well as n − 3 other dummy agents, and assumes 
preferences to be single-peaked with respect to r1 ⊲ r2 ⊲ r3 ⊲ rd1 ⊲⋯⊲ rdn−3.

Observe first that all the dummy agents have their top resource from the start, hence they 
will not be involved in any deal. Now, consider the situation when ax is given the oppor-
tunity to deal with ay . If ax is truthful (as all the other agents), no improving swap-deal 
involving agent ax can occur, and she will end up with resource r3 . Now, suppose instead 
that ax strategically accepts ⟨ax, ay⟩ . This deal is improving for ay so if ax agrees on it, it will 
be implemented. In that case, ay can no longer exchange with az , hence the only improving 
swap-deal left is ⟨ax, az⟩ . Because the selection heuristic has minimal coverage, this oppor-
tunity will occur at some point in the future. In the final allocation, agent ax would then 
hold her top resource r2 (obtained from the swap-deal ⟨ax, az⟩).

	�  ◻

Now, suppose that for a given selection heuristic, there exists a swap-deal ⟨ax, ay⟩ that 
will never be proposed. Consider then the instance where all the agents have their top 
resource, except for ax and ay who would be happy to perform a swap-deal—but will never 
get a chance to. As no other swap-deal is possible, the outcome is certainly not Pareto-
optimal. This leads to the following observation.

Observation 2  Consider a history-based swap dynamic M2 defined with respect to a selec-
tion heuristic � . If M2 is Pareto-optimal, then � has minimal coverage.

Together with Proposition 2, this tells us that there is a fundamental tension between 
strategy-proofness and Pareto-optimality for history-based swap-deal procedure.

Proposition 3  No history-based swap dynamic can be both Pareto-optimal and 
strategy-proof.

The reason why other types of dynamics may not be concerned by this result is that they 
can potentially condition the selection of deals to the preferences.

6.2 � Pareto‑optimality of swap dynamics

We show here that any allocation reached by swap dynamics is Pareto-optimal.

ax ∶r2 ≻1 r3 ≻1 r1 ≻1 rd1 …

ay ∶r2 ≻2 r3 ≻2 r1 ≻2 rd1 …

az ∶r1 ≻3 r2 ≻3 r3 ≻3 rd1 …

d1 ∶rd1 ≻ …

⋮

dn−3 ∶rdn−3 ≻ …
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Theorem 1  Let I be a single-peaked instance, every allocation � in I that is stable with 
respect to swap-deals also is stable with respect to Cn.

Proof  Let us consider an allocation � stable with respect to C2 but not with respect to Cn . 
Since � is not stable with respect to Cn , there exists at least one improving deal in � . Let � 
be the smallest improving cycle-deal, i.e., which involves the smallest number of agents. 
Assume without loss of generality that � = ⟨a1,… , ak⟩ , with 2 < k ≤ n.

Since � is an improving deal, every agent in � is happy to exchange with the agent com-
ing before her in �:

Moreover, as there exists no improving swap-deal in � ( C2(�) = � ) agents do not want to 
exchange with the agent coming after them in �:

Indeed, because of (1), an improving swap-deal would otherwise exist in �.
We now show by induction on the size of � , denoted by k, that such an improving deal 

cannot exist.
If k = 3 , consider without loss of generality that � = ⟨a1, a2, a3⟩ . From (1) and (2), we 

obtain the following profile where underlined resources indicate the initial allocation:

The triplet of resources ⟨�a1 ,�a2 ,�a3⟩ is thus a witness of the violation of the worst-restrict-
edness condition for a profile to be single-peaked (Proposition 1). Indeed, all the three 
resources are ranked last by an agent when we restrict our attention to these resources. The 
contradiction is thus established.

Suppose now that � is stable with respect to Ck−1 . We will show that no improving deal 
of size k exists in � . From the induction hypothesis, we get that:

Indeed there would otherwise exist two agents al and a′
l
 , that are not next to one another 

in � , such that 𝜋a′
l
≻l 𝜋al

 . It would then have been possible to “cut” � between those two 
agents so that al receives �a′

l
 . The new cycle-deal obtained would also have been improving 

and then an improving deal of size strictly smaller than k would exist.
Because the profile is single-peaked, it is also worst-restricted (Proposition 1) and 

there exist thus at most two resources ranked last by an agent among the ones appearing 
in � . Call �aw one such resource holds by agent aw , and consider the triplet of resources 
R = ⟨�aw−1 ,�aw ,�aw+1⟩ . From (1), (2) and (3) we get:

(1)𝜋ai−1
≻i 𝜋ai

,∀ai ∈ 𝜇.

(2)𝜋ai
≻i 𝜋ai+1

,∀ai ∈ 𝜇.

a1 ∶ 𝜋a3
≻1 𝜋a1

≻1 𝜋a2
,

a2 ∶ 𝜋a1
≻2 𝜋a2

≻2 𝜋a3
,

a3 ∶ 𝜋a2
≻3 𝜋a3

≻3 𝜋a1
.

(3)𝜋ai
≻i 𝜋aj

,∀ai, aj ∈ 𝜇, aj ∉ {ai−1, ai}.

aw ∶ 𝜋aw−1
≻w 𝜋aw

≻w 𝜋aw+1
,

aw+1 ∶ 𝜋aw
≻w+1 𝜋aw+1

≻w+1 𝜋aw−1
.
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Hence when restricting preferences to R, for every resource in R, there exists an agent rank-
ing it last among the resources in R. This violates the worst-restrictedness condition for the 
single-peaked profile and sets the contradiction.

Overall we have proved that no improving deal exists in � which entails that � is stable 
with respect to Cn . 	�  ◻

This theorem states that the Ck-stability hierarchy collapses at the C2 level in single-
peaked housing markets. Remember that every Pareto-optimal allocation is stable with 
respect to Cn . This result provides then a new characterization of Pareto-optimality in 
our setting.

Corollary 1  In a single-peaked housing market, an allocation � is Pareto-optimal if and 
only if it is stable with respect to C2.

Stating this result in terms of stability with respect to Cn and not just Pareto-optimal-
ity gives us more flexibility. Indeed, in the more general setting where there are more 
resources to allocate than the number of agents, the result of Theorem 1 still holds [11] 
but it is no longer the case that Pareto-optimality implies Cn-stability.

As we have proven that the allocation reached by swap-deals is Pareto-optimal, a natural 
question is then whether every allocation that Pareto-dominates the initial allocation can be 
reached by swap-deals. It is not the case.

Proposition 4  There exists an instance I = ⟨N,R, L,�0⟩ for which there is an alloca-
tion � that Pareto-dominates �0 and that can not be reached by a sequence of improving 
swap-deals.

Proof  Let us consider the following instance with three agents where the initial allocation 
�0 = ⟨r3, r2, r1⟩ is the one underlined.

The squared allocation = ⟨r2, r1, r3⟩ is Pareto-optimal. However from �0 only two deals 
are possible: �1 = ⟨a1, a3⟩ that reaches allocation �� = ⟨r1, r2, r3⟩ , or �2 = ⟨a2, a3⟩ that 
leads to ��� = ⟨r3, r1, r2⟩ . No sequence of improving swap-deals can thus reach � . 	 � ◻

It is however interesting to note that both the allocation returned by TTC and by Crawler 
can always be reached through improving swap-deals.

Proposition 5  Let I = ⟨N,R, L,�0⟩ be an instance and let �TTC be the allocation returned 
by the TTC algorithm on I. Then �TTC is reachable by swap-deals from �0.

Proof  We show that any cycle-deal applied by TTC can be implemented as a sequence of 
improving swap-deals. For a given step of the algorithm, we consider R the set of resources 
and N the set of agents remaining at this step and � the current partial allocation.
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Let � be the next cycle-deal to be applied, and let R� and N� be respectively the set of 
resources and the set of agents involved in � . We must prove that the allocation �[�] can 
be reached by a sequence of swap-deals. When |R�| = 2 , � is actually a swap-deal and the 
claim is trivially true.

Assume then that |R𝜇| > 2 , let us consider the instance I′ obtained from I by restrict-
ing R to R� and N  to N� . In this restricted instance, the allocation �∗ where each agent 
receives her top resource is feasible. Indeed, it is the allocation obtained by applying � (by 
definition of � in TTC). This allocation is trivially Pareto-optimal as every agent has her 
top resources and it thus Pareto-dominates every other allocation. It is then the only Pareto-
optimal allocation in I′ . Remember from Observation 1 that I′ is single-peaked. Then, by 
virtue of Theorem 1, this implies that �∗ must be reachable by improving swap-deals in I′ . 
Overall, �� is then reachable by improving swap-deals in I.

The same argument can be stated for any step of the algorithm. By concatenating the 
sequences of improving swap-deals for every step of the algorithm, we then obtain a 
sequence of improving swap-deals leading to �TTC from �0 . 	�  ◻

Proposition 6  Let I = ⟨N,R, L,�0⟩ be an instance and let �C be the allocation returned by 
Crawler. Then �C is reachable by swap-deals from �0.

Proof  We show that every cycle-deal applied by Crawler can be implemented as a sequence 
of improving swap-deals. For clarity reasons and without loss of generality, we assume that 
each agent aj currently holds resource rj.

For a given iteration of the algorithm, consider agent ai who picks resource rk currently 
held by agent ak . From the definition of the procedure, ak is on the left of ai (with respect 
to the single-peaked axis) and ak has already been considered at this step before consid-
ering ai . In fact, all the agents between ak (included) and ai (excluded) on the left of the 
single-peaked axis have already been considered at the current iteration before reaching 
ai . Moreover, all these agents have passed their turn because their peak is on their right. In 
other words, each agent aj between ak (included) and ai (excluded) prefers the resource held 
by the agent aj+1 on her right, that is:

Let � = ⟨ai, ai−1,… , ak+1, ak⟩ be the cycle-deal implemented by Crawler at the current 
step. In this deal, ak gives her resource rk to ai and all the other agents of the deal give 
their resource to the next agent in the sequence which is the agent on their left with respect 
to the single-peaked axis. The decomposition of � into a sequence of swap-deals consists 
in using agent ai as a hub for the swap-deals. Agent ai first exchanges with ai−1 then, ai 
exchanges with ai−2 and so on until ai performs a swap-deal with ak . At the end, ai holds rk 
and each other agent aj in �i holds the resource initially held by aj+1 . The sequence of swap-
deals is thus equivalent to �i.

We now show that all these swap-deals are improving. In the first deal ⟨ai, ai−1⟩ , ai−1 
receives the resource ri held by ai that she prefers to her current resource ri−1 (as shown pre-
viously ri ≻i−1 ri−1 ). Simultaneously, agent ai receives the resource ri−1 held by ai−1 that she 
prefers to her current resource since her peak is on the left of ai−1 (it is held by ak ), that is:

The first deal is thus mutually improving. Concerning the next swap-deal ⟨ai, aj⟩ with 
j ∈ {k,… , i − 2} , ai exchanges rj+1 that she obtained from her previous swap-deal, against 

rj+1 ≻j rj,∀j ∈ {k,… i − 1}.

rj ≻i rj+1,∀j ∈ {k,… , i − 1}.
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rj held by aj . Agent aj receives the resource rj+1 that she prefers to her current resource rj 
(as shown previously rj+1 ≻j rj ). ai receives the resource rj that she prefers to rj+1 (since 
∀j ∈ {k,… , i − 1}, rj ≻i rj+1 ). All the swap-deals are thus mutually improving. 	�  ◻

These two results show that both the outcome of TTC and Crawler could be imple-
mented as sequences of mutually beneficial swap-deals in single-peaked domains. This 
attenuates a bit a critical feature of these procedures. However, even though these long 
trading cycles can be broken down into swap-deals, they would still need to be pre-
computed, and carefully coordinated.

The proof of Proposition 6 shows how to compute the set of swap-deals that achieves 
Crawler outcome: for each cycle-deals � = ⟨ai, ai−1,… , ak+1, ak⟩ implemented, ai is used 
as a hub to decompose the deal into mutually beneficial swap-deals. On the contrary, 
the proof of Proposition 5 does not provide explicitly the corresponding sequence of 
deals. We show now how to compute the set of swap-deals that achieves the TTC out-
come using Crawler. Note that for each cycle-deal selected by TTC, we can build a sub-
instance of the initial instance and apply Crawler on this sub-instance to obtain the set 
of swap-deals that implements the cycle-deal. Since Crawler is Pareto-optimal, the fol-
lowing observation is straightforward:

Observation 3  In a single-peaked housing market, if the allocation where each agent has 
her top resource is feasible (i.e. each agent has a different top resource), then the alloca-
tion is returned by Crawler.

We can now compute the set of swap-deals that achieves the TTC outcome using Crawler. 
For each deal � implemented by TTC:

•	 If |�| ≤ 2 , it is already a swap-deal and we are done.
•	 If |𝜇| > 2 , the deal has to be decomposed into a set of swap-deals. Let I′ be the sub-

instance restricted to the agents and the resources involved in � . This instance is guar-
anteed to remain single-peaked (see Observation 2). By definition of TTC, in I′ , each 
agent obtains her top resource. By Observation 3, the Crawler outcome will be the same 
as the outcome of � when applying Crawler to I′ . The swap-deal decomposition of � is 
then obtained by applying Crawler on I′ and decomposing each cycle-deal �′ of Crawler as 
explained above.

Again, it should be kept in mind that in practice, a coordination mechanism would have to 
ensure that the agents indeed execute the correct sequence of swap-deals (and thus the desired 
allocation would be obtained).

Figure 1 concludes this section by summarizing the different findings related the properties 
of swap dynamics.
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6.3 � Maximality of the single‑peaked domain

We now show that the single-peaked domain is maximal for the Pareto-optimality of swap 
dynamics: For every preference domain D such that SP

⊲
 is a proper subset of D (for a given 

linear order ⊲ ) there exists an instance such that no swap dynamics can reach a Pareto-optimal 
allocation.

Before going through the proof, let us first start with a simple example. Consider the fol-
lowing profile and let ⊲ be the order r1 ⊲ r2 ⊲ r3.

It is clear that the profile is not single-peaked with respect to ⊲ (it actually is not for any 
order) as it is clearly not worst-restricted. Note that the preferences of agents a1 and a3 are 
single-peaked with respect to ⊲ but not those of agent a2.

Take the underlined resources to form the initial allocation. It has been constructed as fol-
lows. Agents a1 and a3 receive their second best resource (respectively r2 and r3 ). For agent a2 , 
the violation of single-peakedness comes from her ranking of resources r1 and r2 . She is thus 
allocated her most preferred resource among these two, i.e. r1 . It can easily be checked that this 
allocation is stable with respect to C2 but is Pareto-dominated by ⟨r1, r3, r2⟩.

This construction is generalized to an arbitrary number of agents below.

Theorem 2  Let R be a set of resources and ⊲ a linear order over R . For every preference 
domain D such that SP

⊲
⊊ D , there exists an instance I = ⟨N,R, L,�0⟩ defined over D 

such that swap dynamics on I do not reach a Pareto-optimal allocation.

Proof  Let us construct an instance I = ⟨N,R, L,�0⟩ defined over D such that swap dynam-
ics on I do not reach a Pareto-optimal allocation.

Without loss of generality and for the ease of the reader, let us assume that ⊲ is such that 
r1 ⊲ r2 ⊲… ⊲ rn.

Since SP
⊲
⊊ D , there exists a linear order ≻∗∈ D that is not single-peaked with respect 

to ⊲ . There exist then two resources (rs−1, rs) ∈ R
2 such that:

a1 ∶r1 ≻1 r2 ≻1 r3

a2 ∶r3 ≻2 r1 ≻2 r2

a3 ∶r2 ≻3 r3 ≻3 r1

Fig. 1   Summary of the results of 
Theorem 1 and Propositions 4, 5 
and 6 for a given initial allocation 
�0 . Remember from Example 2 
that TTC and Crawler can return 
different allocations
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Without loss of generality, let us assume that top(≻∗) ⊲ rs−1 ⊲ rs . We will use index t to 
refer to the top ranked resource in ≻∗ , i.e., rt = top(≻∗).

Moreover, as SP
⊲
⊂ D , for every resource ri ∈ R there exist in D two linear orders ≻1

i
 

and ≻2
i
 that are single-peaked with respect to ⊲ such that:

Thus, in the preference order ≻1
i
 the top resource is ri and the other resources are not con-

strained. For ≻2
i
 , the top resource is ri and the second best must be ri−1.

We introduce the preference profile L = {≻
i
∣ ai ∈ N} defined as follows:

The initial allocation �0 is then defined as:

To get a better understanding of the instance I = ⟨N,R, L,�0⟩ constructed in this proof, 
Fig. 2 presents the preference profile L and the initial allocation �0.

We claim that �0 is stable with respect to C2 but not Pareto-optimal. Allocation �0 is 
clearly not Pareto-optimal as the allocation in which every agent receives her top resource 
is feasible— because no two agents have the same top resource—and this allocation clearly 
Pareto-dominates �0 . Let us now show that C2(�

0) = �.
First observe that every agent ai , i ∈ {2,… , t} ∪ {s + 1,… , n} owns her top resource, 

hence can not be involved in an improving swap-deal.
Consider now agent ai, i ∈ {t + 1,… , s − 1} . She owns her second most preferred 

resource which she would only trade against her top resource that is owned by agent ai+1 . 
However, agent ai+1 is not interested in �ai , hence no improving swap-deal is possible.

Finally, let us consider agent as who owns her second most preferred resource rs−1 and 
whose top resource rs is owned by agent a1 . By the hypothesis that a1 ’s preferences are not 
single-peaked, we have rs ≻1 rs−1 . Once again, there is no improving swap-deal involving 
agent as.

Overall, we have proved that C2(�
0) = � , hence any swap dynamic returns �0 on I. As 

�0 is Pareto-dominated, this concludes the proof.	�  ◻

rs ⊲ rs−1 ⊲ top(≻∗),

or, top(≻∗) ⊲ rs−1 ⊲ rs

}
and rs ≻

∗
i
rs−1.

top(≻1
i
) = top(≻2

i
) = ri and snd(≻

2
i
) = ri−1.

≻
1
=≻∗,

≻
i
=≻1

i−1
, ∀ai ∈ N, i ∈ {2,… , t},

≻
i
=≻2

i
, ∀ai ∈ N, i ∈ {t + 1,… , s},

≻
i
=≻1

i
, ∀ai ∈ N, i ∈ {s + 1,… , n}.

�0
a1
= rs,

�0
ai
= top(ai) = ri−1, ∀ai ∈ N, i ∈ {2,… , t},

�0
ai
= snd(ai) = ri−1, ∀ai ∈ N, i ∈ {t + 1,… , s},

�0
ai
= top(ai) = ri, ∀ai ∈ N, i ∈ {s + 1,… , n}.



Autonomous Agents and Multi-Agent Systems (2021) 35:20	

1 3

Page 23 of 37  20

This result is particularly interesting since it shows that the single-peaked domain 
captures in a “tight” way the domain under which swap dynamics are Pareto-optimal (in 
the vein of similar results obtained by [21] in different settings).

Note that this is not a characterization result: there are some domains that are not 
single-peaked but for which swap dynamics return Pareto-optimal allocations.

Example 6  Let us consider the following preference profile:

This profile is not single-peaked over any linear order ⊲ : the triplet ⟨r1, r2, r3⟩ is a witness 
of the violation of the worst-restrictedness condition (Proposition 1), however we can show 
that for every initial allocation, swap dynamics return a Pareto-optimal allocation. Let us 
consider the different initial allocations: 

1.	 �0 = ⟨r1, r2, r3⟩ : C2(�
0) = � and �0 is Pareto-optimal.

2.	 �0 = ⟨r1, r3, r2⟩ : C2(�
0) = � and �0 is Pareto-optimal.

3.	 �0 = ⟨r2, r1, r3⟩ : C2(�
0) = � and �0 is Pareto-optimal.

4.	 �0 = ⟨r2, r3, r1⟩ : two swap-deals are possible:

a1 ∶r1 ≻1
r2 ≻1

r3

a2 ∶r1 ≻2
r3 ≻2

r2

a3 ∶r3 ≻3
r2 ≻3

r1

Fig. 2   The instance constructed in the proof of Theorem 2. The dotted lines represent the trend of the utili-
ties, dots fixed points and squares the resource allocated to each agent
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(a)	 ⟨a1, a3⟩ which leads to case 2.
(b)	 ⟨a2, a3⟩ which leads to case 3.

5.	 �0 = ⟨r3, r1, r2⟩ : one swap-deal is possible: ⟨a1, a3⟩ which leads to case 3.
6.	 �0 = ⟨r3, r2, r1⟩ : three swap-deals are possible:

(a)	 ⟨a1, a3⟩ which leads to case 1.
(b)	 ⟨a1, a2⟩ which leads to case 4.
(c)	 ⟨a2, a3⟩ which leads to case 5.

This example does not contradict Theorem  2: Swap dynamics are Pareto-optimal 
on the domain D = {≻

1
,≻

2
,≻

3
} because D does not include every single-peaked linear 

order over ⊲ . For instance take ⊲ to be r1 ⊲ r2 ⊲ r3 , extend D by adding the two fol-
lowing linear orders: r2 ≻ r1 ≻ r3 and r2 ≻ r3 ≻ r1 so that SP

⊲
⊂ D′ and Theorem 2 will 

apply.

7 � The “price of” swap dynamics

It is natural to now ask to what extent swap dynamics induce a cost in terms of social 
welfare. In that perspective we will first discuss the “standard” price of anarchy ( PoA ) 
[3, 38], that is, the (worst-case, over all instances) ratio between the worst stable out-
come and the social welfare optimum. More formally, for an allocation procedure M:

But, as we have discussed, swap dynamics constitute a family of procedures. In that con-
text, a perhaps more relevant metric is the ratio between the best and worst stable outcome 
which can be obtained by such procedures. In particular, this would tell us the price to pay 
for not being guided by a central planner (in the selection of deals) towards maximizing our 
social welfare notion. We call this notion the price of dynamics ( PoD ), and for a family of 
dynamics M , we define it as follows:

Note that this notion is not specific to swap dynamics and can be applied to any family of 
dynamics. Also, observe that an upper bound on the PoA also applies to the PoD.

These definitions are parametrized by the social welfare notion considered. In terms of 
average rank, we recall that [24] established that the price of anarchy is 2 for swap dynam-
ics in the general domain. While the upper bound remains valid in our restricted domain, 

PoAv(M) = max
I∈ID

max v(�)

min�∈M(I) v(�)
, with v ∈ {ark,mrk}

PoDv(M) = max
I ∈ ID

M,M� ∈ M

max�∈M�(I) v(�)

min�∈M(I) v(�)
, with v ∈ {ark,mrk}.
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the instance exhibited to show this bound to be tight in [24] violates single-peakedness. We 
now show that this result still holds under our domain restriction.

Proposition 7  For any M ∈ M2 , PoAark(M) is 2 in the single-peaked domain.

Proof  Let us consider the following single-peaked instance involving n agents, and assume 
without loss of generality n to be odd. Take for now the shaded allocation as the initial 
allocation.3 

Let � be the shaded allocation, and �∗ be the squared allocation ( a1 holds rn−1 in both 
cases). Observe that both � and �∗ are Pareto-optimal allocations. For �∗ this is obvious as 
only an does not hold her top resource. For � , notice that a2 would only wish to swap for r1 , 
which is held by an agent who ranks it first. Then a3 would only wish to swap for r1 or r2 , 
and so on until an−2 . Finally, an−1 may swap with anyone but an , but no one wants to swap 
with her.

We see that ark(�∗) = [(n − 1) ⋅ n + 1]∕n , while ark(�) = [n ⋅ (n + 1)∕2 + n − 1]∕n , 
thus this instance shows that (asymptotically) the PoA is at least 2. In [24] it is shown that 2 
is an upper bound for the PoA of any swap-deal procedure. We thus conclude that the PoA 
is 2 here, as in the general domain.	�  ◻

Following [24], we can also make some further observations. In fact, as both allocations 
are Pareto-optimal, this instance shows that the PoA of any procedure satisfying individual 
rationality must be at least 2. Indeed, taking the shaded allocation � as the initial allocation, 
any individually rational procedure would output � . Furthermore, as any Pareto-optimal allo-
cation is stable for swap-deals, our upper bound remains valid.

Observation 4  For any individually rational allocation procedure M, PoAark(M) is 2 in the 
single-peaked domain. This holds in particular for TTC and Crawler.

To address the price of dynamics, we must now make use of a different initial allocation, 
and show that both allocations are reachable by sequences of swaps. This would demonstrate 
that this gap could also only be due to the selection heuristics.

Proposition 8  For the family of swap dynamics M2 , PoDark(M2) is 2 in the single-peaked 
domain.

3  The underlined allocation will only be relevant in forthcoming proofs.
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Proof  Consider again the instance presented in the proof of Proposition 8. Take now the 
initial allocation to be �0 = ⟨r2, r3, r4,… , rn−1, r1, rn⟩ , the underlined allocation. We first 
show that the shaded allocation � can be reached from �0 via improving swap-deals. First 
the deal ⟨an, an−1⟩ is implemented. Then a1 acts as a hub, and the following sequence is 
implemented ⟨a1, a2⟩… ⟨a1, an−2⟩.

Now, the squared allocation �∗ can also be reached with swap-deals. Agent a1 
will act as a hub for odd agents, while an−1 will do the same for even agents. In other 
words, the following sequence is implemented: ⟨a1, a3⟩, ⟨a1, a5⟩… ⟨a1, an−2⟩ (note 
that an gets her final resource from the start), followed by the sequence of swaps 
⟨an−1, a2⟩, ⟨an−1, a4⟩… ⟨an−1, an−3⟩.

The result follows then from the computations of the average rank presented in Proposi-
tion 8. 	�  ◻

Finally, we turn our attention to the mininimum rank counterparts of the same notions. 
Note that n is certainly an upper bound in that case, as this is highest possible ratio between 
two allocations.

Proposition 9  For any M ∈ M2 , PoAmrk(M) is Θ(n) in the single-peaked domain.

Proof  Let us consider the following single-peaked instance involving n agents. Take the 
shaded allocation as the initial allocation.4 Let � be the shaded allocation, and �∗ be the 
squared allocation. 

It is easy to see that mrk(�∗) = n − 1 , while mrk(�) = 1 , thus PoA is Ω(n) . Clearly, the 
PoA cannot be worse, thus it is Θ(n) . ◻ 	�  ◻

Proposition 10  PoDmrk(M2) is Θ(n) in the single-peaked domain.

Proof  Let us consider the single-peaked instance of Proposition 9 and let us assume that 
the initial allocation is now �0 = ⟨rn−1, r1, r2,⋯ , rn−2, rn⟩ , the underlined allocation.

From this initial allocation �0 , it is possible to reach the shaded allocation 
� = ⟨r1, r2, r3,… , rn−1, rn⟩ with improving swap deals. This allocation is reached by per-
forming n − 2 swap-deals ⟨a1, ai⟩ , ∀i ∈ {n − 1,… , 2} starting with ⟨a1, an−1⟩ and finishing 
with ⟨a1, a2⟩.

From �0 , it is also possible to reach �∗ = ⟨r1, r3, r4,… , rn, r2⟩ (the squared alloca-
tion) which is both Pareto-optimal and optimal in terms of mininimum rank. If n is even, 

4  Again, the underlined allocation will only be relevant in a later proof.
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we perform the following sequence of couples of swap-deals ⟨ai−1, an⟩ and ⟨ai−2, a1⟩ 
∀i ∈ {n, n − 2,… , 6, 4} . If n is odd, we perform the same sequence of couples of swap-
deals but ∀i ∈ {n, n − 2,… , 7, 5} and add two final swap-deals ⟨a2, an⟩ and ⟨a1, an⟩.

The result follows from the previous computations of the minimum rank in these two 
allocations.	�  ◻

These different theoretical results remain a worst-case analysis. To complete the picture, 
it would be valuable to know how well these swap dynamics do in practice. This is what 
we investigate in the next section.

8 � Experimental study

Our objective in this section is to get some insights about the empirical behaviour of swap 
dynamics. Our study includes swap dynamics based on the different history-based selec-
tion heuristics introduced in Sect.  5, as well as two other selection heuristics added for 
comparison: one which takes as input more than the mere history of deals ( M2-PW), and 
another one which relaxes the constraint of using swaps only ( M3-U). For completeness, 
we also compare their performance to that of TTC and Crawler (keeping in mind though 
that these two centralized procedures are not specifically designed to optimize our social 
welfare measures).

We now give the full detail of our protocol by specifying (1) how deals are selected in 
the swap dynamics, (2) how preferences are generated, as well as (3) the full specification 
of the parameters used in the experiments.

8.1 � Experimental protocol

8.1.1 � Selection heuristics for swap dynamics

Concerning swap-deal procedures, our study includes the history-based selection heuristics 
already introduced in Sect.  5: M2-RRA, M2-RRP, M2-RRR, M2 -U and M2-RM. We also 
include for comparison a preference-based heuristics ( M2-PW) and a procedure allowing 
cycles involving up to 3 agents ( M3 ). More precisely:

•	 Priority to the worst-off agent ( M2-PW): agents are ordered considering the rank of the 
resource they own from the one with the lowest rank to the one with the highest rank. 
Agents are then paired in a round-robin fashion like M2-RRA does following this order-
ing. Note that M2-PW is more demanding than history-based heuristics as it requires 
some information about the agent’s current rank which can only be collected via a cen-
tral entity.

•	 Uniform up to three agents ( M3-U): a deal is selected uniformly at random among all 
possible deals involving 2 or 3 agents. If the deal is rational for all the agents involved, 
it is implemented.
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8.1.2 � Generation of single‑peaked preferences

Different methods can be envisioned to generate single-peaked preferences. We consider 
impartial culture for single-peaked domain (IC-SP) and uniform peak for the single-peaked 
domain (UP-SP).

Single-peaked preferences under impartial culture (IC-SP) are drawn using the method 
proposed by [66]. Given an axis, single-peaked preferences are built recursively from the 
end (i.e. the worst resource of the agent) to the top resource. At each iteration, the next 
resource in the preference order is randomly selected between the two extremes of the axis. 
The selected resource is then removed from the axis and so on until the axis is empty.

In the uniform peak culture (UP-SP), presented by [23], preferences are constructed by 
first picking uniformly at random a resource to be the peak. The second-highest ranked 
resource is chosen with equal probability from the two adjacent alternatives, and so on 
until a full order is obtained.

As already mentioned by [66], the probabilities of the preference orders significantly 
differ from one method to another. Under IC-SP, each single-peaked preference order has 
a uniform probability 1∕2n−1 to be selected. On the contrary, under UP-SP, probabilities over 
preference orders are not uniform. In fact, the peak is uniformly drawn (with probability 
1∕n ) and single-peaked preferences are then built from this peak. Since there is only one 
preference order with its peak at one end of the axis, these orders are more likely to be 
drawn than preference orders with a peak in the middle of the axis, for instance.

Let us consider the case where n = 5 and the axis is r1 ⊲ r2 ⊲ r3 ⊲ r4 ⊲ r5 . Preference 
orders r1 ≻ r2 ≻ r3 ≻ r4 ≻ r5 and r5 ≻ r4 ≻ r3 ≻ r2 ≻ r1 both have a probability 1∕5 to be 
generated whereas the probability to generate some preference order with the peak r3 is 1∕5 , 
and there are 6 orders with this peak. Under IC-SP, the probability to generate the prefer-
ence order r1 ≻ r2 ≻ r3 ≻ r4 ≻ r5 is 1∕16.

Closer inspection reveals that the frequency of each rank for a given resource is more 
evenly distributed with UP-SP than with IC-SP. For instance, under IC-SP, resources on 
the end-sides of the single-peaked axis have a high probability to be ranked among the top 
resources of an agent but they have a very low probability to be ranked in the second half 
of the preference linear order. Under UP-SP, these resources have a high probability to be 
selected as the top resource of an agent but they also have a more uniform probability dis-
tribution among all other possible ranks. A resource on the end-side of the single-peaked 
axis is thus more likely to obtain a low ranking under UP-SP.

This suggests that profiles under UP-SP are more diverse than under IC-SP. To quan-
tify this more precisely, we have computed two diversity indicies suggested by [33]: the 
sum of Kendall’s tau and the sum of Spearman distances.5 The results confirm that UP-SP 
generates more diverse profiles on average compared to IC-SP. Take for instance the case 
of seven resources ( n = 7) . We generated 10000 preference profiles under both UP-SP and 
IC-SP. With respect to the Kendall’s tau index, profiles under UP-SP achieved an average 
diversity score of 75% (normalized over the empirically observed maximum) while this 
value reaches only 48% in the case of IC-SP. With the Spearman distance, the numbers are 
still in favour of UC-SP: 85% versus 64%.

5  The Kendall’s tau distance between two preference order ≻
i
 and ≻

i′
 over R is the number of pairs 

(r, r�) ∈ R
2 such that ≻

i
 and ≻

i′
 do not rank r and r′ in the same order. The Spearman distance between two 

preference order ≻
i
 and ≻

i′
 over R is defined as 

∑
r∈R �rank

a
i
(r) − rank

a
i�
(r)� . In both cases, the diversity 

index of a profile L is the sum of the distance between every pair of preference orders (≻
i
,≻

i�
) of L.
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8.1.3 � Experiments conducted

We conducted two types of experiments: 

	 (i)	 A study of the average efficiency and fairness of swap dynamics. The efficiency 
(respectively fairness) ratio is defined as the ratio between the average (respectively 
minimum) rank realized by the procedure and the optimal average (respectively min) 
rank achievable for the instance (disregarding the individual rationality constraint). 
The optimal values are obtained using matching techniques [31]. These investiga-
tions can be viewed as the empirical counterpart of the worst-case analysis of Sect. 7. 
To isolate the influence of the individual rationality (IR) constraints alone, we also 
include the rules “ max ark IR” and “ maxmrk IR” which respectively returns the 
allocation maximizing the average and the minimum ranks under the constraint of 
being individually rational. We also study the performance of swap dynamics with 
respect to TTC and Crawler.

	 (ii)	 A study of the number of swaps performed by swap dynamics with respect to the 
number of cycles performed by TTC and Crawler. Of course this comparison needs 
to acknowledge that the size of cycles may be very different in both approaches. We 
thus also investigate the size of the cycles computed by TTC and Crawler.

8.1.4 � Parameters of the experiments

For every experiment, we considered several number of resources, varying from n = 2 
to n = 60 and we randomly generated 1000 instances in each case. For a given instance, 
the initial allocation is selected uniformly at random among all possible allocations. For 
every instance, we ran the different procedures and report the results for a fixed number of 
resources, averaged over the 1000 instances.

8.2 � Analysis of the results

8.2.1 � Efficiency and fairness of swap dynamics

Comparison among swap dynamics. Figure 3 presents the efficiency and fairness ratio for 
each swap dynamic for preferences generated both under the IC-SP model (left side) and 
under the UP-SP model (right side). Results for maxmrk IR and max ark IR are also pre-
sented for comparison purposes.

Regarding the minimum rank—Figs. 3a, b—M2-PW reaches significantly better alloca-
tions than other dynamics. This is expected: this heuristic favours deals between agents 
holding low ranked resources and thus tends to improve the satisfaction of the poorest 
agents. On the contrary, round-robin heuristics with their fixed ordering tend to always 
favour the same agents and thus often leads to lower minimum rank. However, notice that 
the randomized round-robin version ( M2-RRR) slightly corrects this.

Interestingly, the performance of M2-PW is highly sensitive to the culture considered. 
This seems to be due to the way preferences are generated. Indeed, the results for maxmrk 
IR follow similar patterns, indicating that IC-SP (Fig. 3a) is much more constrained by the 
initial allocation than UP-SP (Fig. 3b) is. Still, under UP-SP, M2-PW returns close to opti-
mal allocations, while other dynamics remain with a fairness ratio of about 50%. Following 
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this observation, as the allocation returned by M2-PW can be taken as a witness of a good 
allocation reachable by swap dynamics, we see that the empirical minimum rank price of 
dynamics for our studied family of dynamics is much higher in UP-SP than in IC-SP.

Regarding the average rank of the outcomes—Figs. 3c, d—all the heuristics obtain very 
good results [(above 90% under IC-SP (Fig. 3c) and above 96% under UP-SP (Fig. 3d)]. It 
can be observed that all heuristics give very similar values.

Recall that our price of anarchy results informed us that in principle, swap dynamics can 
return allocation with an efficiency ratio as low as 50% . Given these high performances, it 
is not surprising that very little room is left to observe difference among selection heuris-
tics. Still, it is noteworthy that M2-PW provides, again, the best results (while this selection 
heuristics doesn’t seem designed to optimize this measure of welfare at first sight). Note 
that our remark about the relative performance of P2-PW under the two cultures does not 
hold here: this suggests that only a few agents are left with low-ranked resources with our 
swap dynamics, even under UP-SP.

Comparison with TTC and Crawler. We now compare swap dynamics to other proce-
dures. For the sake of readability, we only keep M2-PW (which offered the best perfor-
mance) and M2 -U (the most decentralized selection heuristics, requiring hardly any com-
munication between the agents). Results are presented in Fig. 4.

Regarding the minimum rank—Fig.  4a, b—a first observation is that M2 -U performs 
significantly better than TTC and Crawler algorithm (which give similar results). The poor 
performances of these procedures, not designed for this purpose, are not surprising: they 
typically leave some agents with very little opportunities to be involved in a cycle-deal. 
For instance, by selecting top-trading cycles, TTC can remove all the agents involved 
once a deal is implemented, thus significantly limiting the range of possible deals for the 

Fig. 3   Average efficiency and fairness ratios for each heuristic of the swap-deal procedure and for each pref-
erence culture. For comparison baseline, the average maximum welfare achievable under individual ration-
ality ( maxmrk IR for the upper part and max ark IR for the lower part) is also presented. The number of 
agents varies from 2 to 60
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remaining agents. On the other hand, as discussed, M2-PW favours low ranked agents and 
gives more opportunities to these agents to exchange their initial resources.

Regarding the average rank of the outcomes obtained by the different procedures—
Fig. 4c, d—swap dynamics slightly outperform TTC and Crawler under both cultures.

Finally, it can also be observed that M3 -U shows no significant difference with M2 -U 
under the same heuristics (uniform selection of the exchanges), either for the average or 
minimum rank: slightly increasing the size of the deals leads raises complex coordination 
issues with no evidence of improvements in terms of welfare.

These experiments promote the relevance of swap dynamics: besides being simple to 
implement, they also provide very good results both in terms of average and minimum 
rank, close to the optimal when individual rationality is enforced. For the minimum rank 
and under UP-SP, we observed that our history-based swap dynamics may incur a signifi-
cant cost, even though better allocations would be reachable by swaps (this was shown by 
comparison to a more specifically designed, not history-based, selection heuristic).

8.2.2 � Length of swap dynamics

Figure 5 represents the mean number of swap-deals performed (solid lines) when varying 
the size of the instances. For the sake of readability, we only show some selection heuris-
tics (the other ones performed a number of swaps similar to either M2-RRA or M2-U). Dot-
ted lines represent the highest and the lowest numbers of swaps registered for an instance 
of a given size (averaged over 1000 randomly generated instances).

It can be observed that the different selection heuristics are close in terms of the average 
number of swaps. However, the number of swaps performed under UP-SP is significantly 

Fig. 4   Average efficiency and fairness ratios for each procedure and for each preference domain. Curves for 
“ max welfare IR” correspond to maxmrk IR for the upper part of the figure and to max ark IR for the lower 
part. The number of agents varies from 2 to 60
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higher than under IC-SP. This phenomenon is related to the method used to generate sin-
gle-peaked preferences. According to the discussion of Sect. 8.1.2, UP-SP offers a greater 
diversity of profiles, which leads to more opportunities of exchanges. However, even 
though we noted in previous experiments that the results in terms of welfare were better in 
UP-SP than in IC-SP, note that the proportion is of a different order here: there are on aver-
age three times more swap-deals performed under UP-SP.

The higher diversity of profiles under UP-SP can also explain the higher variance in the 
number of swaps. Typically, when agents have completely opposite preference orders, the 
number of deals can greatly vary depending on which agents are encountered. This is much 
more likely to happen under UP-SP.

Comparison with TTC and Crawler. The number of deals performed by swap dynamics 
can be compared with the number of deals induced by TTC or Crawler. To do so we intro-
duce the number of unit exchanges performed by a procedure. It corresponds to the sum of 
the length of the cycle-deals applied. For a swap dynamics, it is twice the number of swap-
deals performed for instance. This measure allows us to compare all the procedures even 
though they perform cycle-deals of different sizes. As shown in Fig. 6, the procedure can 
be clustered in three distinct classes. The swap dynamics can be grouped together, offering 
a middle way between TTC which performs particularly well and Crawler which performs 
particularly badly in terms of number of unit exchanges.

The difference between Crawler and TTC can be explained by the fact that the former 
performs much more deals on average than TTC. As shown in Fig. 7, this can be observed 
for any number of agents and the gap increases as the number of agents increases. The size 
of the deals is also larger when implementing Crawler (Fig. 8). Both of these facts naturally 
lead to a higher number of unit exchanges.

The larger number of deals and the larger sizes of deals performed by Crawler are 
related to the fact that agents are ordered with respect to the resource they initially hold and 
with respect to the order of these resources on the single-peaked axis. Based on this order, 
Crawler only considers deals � = ⟨a1,… , ak⟩ such that ai and ai+1 (with i ∈ {1, 2,… k − 1} ) 
are owners of adjacent resources on the axis. Hence, TTC allows for considering a larger 
range of cycle-deals than Crawler.

Putting aside the comparison between Crawler, and TTC, the size of the deals to 
implement can be extremely large for both procedures as depicted in Fig.  8. A cycle-
deal may involve more than half (respectively 35%) of the agents under UP-SP and a 

Fig. 5   Average number of swap-deals performed, the filled area represents the range, from the minimum to 
the maximum. The number of agents varies from 2 to 60
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Fig. 8   Average size of the cycles performed by TTC and Crawler, the filled area represents the maximum. 
The minimum, not shown, is constantly equal to zero. The number of agents varies from 2 to 60

Fig. 6   Average number of unit exchanges performed by some swamp dynamics, TTC and Crawler. A cycle-
deal of length k counts for k unit exchanges. The number of agents varies from 2 to 60

Fig. 7   Average number of cycles performed by TTC and Crawler, the filled area represents the range, from 
the minimum to the maximum. The number of agents varies from 2 to 60
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fifth (respectively 15%) of the agents under IC-SP for Crawler (respectively TTC). The 
linear regressions explaining these values are presented in Table 1. Overall, even though 
TTC performs less unit exchanges than our swap dynamics, it can still need to perform 
extremely large cycle-deals.

These experiments show that the number of swap-deals can be significant, espe-
cially under UP-SP where long sequences of slightly improving steps are more likely to 
occur. On the other hand, we show empirically that TTC and Crawler are indeed prone 
to require the implementation of cycle-deals of large size. This illustrates the trade-off 
which occurs between the coordination requirements and the length of the procedure.

9 � Conclusion

This paper studied the property of swap dynamics for the allocation of indivisible 
resources in the restricted setting of single-peaked housing markets. The basic principle 
of the procedure is to let agents perform pairwise improving exchanges. We showed in 
particular that the single-peaked domain happens to be maximal for guaranteeing con-
vergence to Pareto-optimal outcomes with such dynamics. We also showed that the out-
comes of TTC and of Crawler are reachable by swap-deal sequences. To refine our anal-
ysis, we have studied two further notions: the average rank and the minimum rank of 
the resources obtained by the agents. None of the procedures discussed in this paper are 
specifically designed for optimizing these ranks, even though these notions capture very 
natural criteria of efficiency (for the average rank) and fairness (for the minimum rank). 
It thus seems important to study how these allocation procedures behave on that respect. 
To complement worst-case theoretical bounds on the loss of social welfare induced by 
swap dynamics, we ran experiments which demonstrated that they actually provide good 
results in practice.

Our focus on swap-deals is motivated by their minimal coordination requirements. 
In the context of this paper, our experimental results suggest that there is little gain 
to expect when allowing deals involving three agents. A complementary relaxation is 
to permit deals possibly not improving for some of the agents involved (but at least a 
majority).

This may unveil interesting connections with other notions: [37] recently established 
for instance that an allocation is popular in a housing market if and only if no (majority) 
improving exchanges between three agents exist.

Table 1   Linear regression of the maximum size of the deals over the number of agents. �0 and �1 are the 
coefficients of the regression: maxSize = �0 + �1 ∗ n where n is the number of agents, R2 the coefficient of 
determination. The p-value is omitted as it is not meaningful for simulations (see,e.g., [39])

TTC​ TTC​ Crawler Crawler
IC-SP UP-SP IC-SP UP-SP

�0 4.64 4.73 4.27 2.86
�1 0.15 0.36 0.20 0.56
R
2 0.7872 0.9032 0.883 0.9862
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To go further with the experiments, it would be interesting to use real data. Our 
attempt to use data from Preflib [44] was not successful as there is no dataset that is 
single-peaked when there are more than 5 agents. Getting such preferences would be an 
interesting way to confirm our results. Regarding the model itself, [8] extended Crawler 
to single-peaked domains with indifferences. Whether our results with swap dynam-
ics could be similarly generalized is an avenue for future research. Overall, this paper 
raises the exciting issue of giving a characterization of rules that are efficient, individu-
ally rational and strategy-proof for the single-peaked domain. Such a characterization 
would also provide more insights about the type of selection heuristic for which the 
swap dynamics are strategy-proof. It would also be interesting to tackle the characteri-
zation of the swap dynamics efficiency, that is, identifying the domain on which the 
swap dynamics are Pareto-optimal. Our maximality result is a significant step in this 
sense, it would be nice to complete the picture.
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